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In a previous study, we have discovered that nonlinear processes can be enhanced several orders of
magnitude due to the path interference effects which are introduced by Fano resonances. Emergence
of this phenomenon has been demonstrated also in 3-dimensional solutions of Maxwell equations.
However, enhancement has been found to be limited by the decay rate of the plasmonic oscilla-
tions. In the present work, we demonstrate that such a limitation can be lifted off when the path
interference from two quantum emitters to a plasmonic resonator (second harmonic converter) is
considered. Enhancement factors much larger than 7 orders of magnitude are possible using such an
interference scheme. Therefore, a single hybridized system of 3 particles –manufactured carefully–
can account for almost all of the second harmonic generated radiation emitted from a sample of
plasmonic particle clusters decorated with quantum emitters (e.g. a spaser).
PACS numbers: 42.50.Gy, 42.65.Ky, 73.20.Mf
Metal nanoparticles (MNPs) interact with the optical
light much more strongly compared to quantum dots
(QDs) or molecules. The localized surface plasmon-
polariton (PP) fields concentrate the incident electro-
magnetic field to small dimensions. Localization results
an intensity enhancement as high as 105 [1, 2] at the hot-
spots of MNP interfaces. Such an enhancement in the
electromagnetic field also leads nonlinear optical effects
to come into play [3–13]. The emergence of enhanced Ra-
man scattering [14], second harmonic generation (SHG)
[4–13] and four-wave mixing [15] can be utilized as opti-
cal devices to use in imaging [16, 17], as optical switch
[18] and in generation of quantum entanglement [19, 20].
SHG is a process which has a fundamental impor-
tance in quantum plasmonics [21–23]. It is responsi-
ble for squeezing [24] which can generate entanglement
in nano-dimensions and provides the tool for measure-
ments below the the standard quantum limit (SQL) [25]
–which is necessary in quantum plasmonics due to the
decrease in signal to noise (SNR) in single-plasmon de-
vices [26]. Recent experiments [19, 20, 27, 28] revealed
that plasmons are able to preserve the quantum entan-
glement (both in propagation and photon-plasmon con-
versions [27, 28]) much more longer compared to their
own lifetime (∼ 10−14s). This observation triggered the
studies on adoption of plamonic entanglement into quan-
tum information [29, 30]. A recent theoretical study [31]
demonstrates also the relevance between the emergence
of plasmonic entanglement and Fano resonances [32–41].
SHG can also be used in solar cell applications for in-
creasing the absorption efficiency [42] by up-converting
the infrared spectrum to the active frequency region and
also for increasing the coherence time of the incident field
[32, 43, 44].
Despite the field enhancement due to surface PP lo-
calization [1, 2], SHG process still remains weak due
to some symmetry requirements [45, 46]. Recently, our
group demonstrated [47] that Fano resonances can be
utilized for the enhancement of the nonlinear response
(e.g. SHG) of plasmonic resonators. When a MNP is
coupled to a quantum emitter (QE), eg. a QD, the path
interference effects can be adopted to cancel the nonres-
onant frequency terms; thus SHG process can be carried
to resonance [see Eq. (11)] without modifying the plas-
mon modes. In Ref. [47], in order to take retardation
effects into account, we performed 3-dimensional simu-
lations which are based on the exact solutions of the
Maxwell equations (using MNPBEM toolbox [48] in Mat-
lab). We used a Lorentzian dielectric function which has
a sharp resonance (γeg = 10
11Hz) to simulate a QD (or
a molecule) in MNPBEM toolbox. In these simulations,
we obtained parallel results with the simple model of cou-
pled quantum-classical oscillators.
In a recent experiment conducted by our team [49], we
also demonstrate that a 1000 times SHG enhancement is
achievable via Fano resonances which enables the obser-
vation of a SH signal using a CW laser. Even though our
previous studies [47, 49] –where coupling to a single quan-
tum emitter is investigated– can demonstrate the SHG
enhancement upto 2-3 orders of magnitude, this enhance-
ment is limited by the decay rate of the SH plasmon mode
[see discussion below Eq. (11)].
In this paper, we show that such a limitation does
not hold anymore, when the path interference of a plas-
monic resonator with two (or more) quantum emitters
(QEs) is considered. We show that an enhancement
factor of 5×107 is easily achievable. The potential for
enhancement is expected to be much more above this
value. Because, we do not perform a detailed mathe-
matical analysis on the parameter set which maximizes
the SHG intensity. Here, we consider coupling of the
SH converter (plasmonic non-centrosymmetric dimer) to
quantum emitters. However, emergence of conversion en-
hancement does not necessitate the attachment of high-
quality oscillators. Enhancement can emerge even if
classical oscillators are used instead of quantum emit-
ters which have sharp resonances [see discussion below
Eq. (11)]. This is one of the possible reasons for enhance-
ment of SHG from nanoparticle composites and clusters
[4–13].
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2Hence, a single hybridized system of 3 particles –which
is manufactured carefully– can account for almost all of
the second harmonic radiation emitted from a sample
of plasmonic particle clusters decorated with quantum
emitters (e.g. a spaser). When toy blocks of the self as-
sembled composites of DNA molecules attached to gold
nanopaticles [50] are considered, such schemes are avail-
able within today’s technology.
Paper is organized as follows. First, we present the ef-
fective Hamiltonian governing the coupled tripartite sys-
tem. We derive the equations of motion for the oscilla-
tions of the plasmon modes. We obtain analytic expres-
sion for the steady state value of the plasmon mode(α˜2)
where in second harmonic oscillations (e−i2ωt) take place.
Second, we discuss the maximization of the SHG ampli-
tude using independent complex variables, e.g. the cou-
pling strengths. We discuss the conversion limitation in
the case of a single QE coupled to plasmonic resonator
and how this limitation lifted off for the coupling of two
QEs to the SH converter (resonator). Last, we summa-
rize our results.
Hamiltonian and steady state solutions
The total Hamiltonian (Hˆ) for the described system
can be written as the sum of the energy of the quantum
emitters (Hˆ0), energy of the plasmon-polariton oscilla-
tions (aˆ1 , aˆ2) of the MNP dimer (Hd), the interaction of
the quantum emitters (QEs) with the plasmon-polariton
modes [32, 33] (HQEs−MNP), the interaction of the two
quantum emitters with each other (HˆQE−QE),
Hˆ0 = ~ω(1)eg |e1〉〈e1|+ ~ω(2)eg |e2〉〈e2|, (1)
Hˆd = ~ω1aˆ†1aˆ1 + ~ω2aˆ
†
2aˆ2, (2)
HˆQEs−MNP = ~(f1aˆ†2|g1〉〈e1|+ f∗1 aˆ2|e1〉〈g1|)
+~(f2aˆ†2|g2〉〈e2|+ f∗2 aˆ2|e2〉〈g2|), (3)
HˆQE−QE = ~
(
g|e2〉〈g2| ⊗ |g1〉〈e1|
+g∗|e1〉〈g1| ⊗ |g2〉〈e2|
)
, (4)
as well as the energy transferred by the pump source (ω),
Hˆp and the second harmonic generation process among
the plasmon-polariton fields (Hˆsh)
Hˆp = i~(aˆ†1pe
−iωt − aˆ1∗peiωt), (5)
Hˆsh = ~χ(2)(aˆ†2aˆ1aˆ1 + aˆ
†
1aˆ
†
1aˆ2), (6)
respectively [51, 52]. In Eq. (1), ω
(1)
eg and ω
(2)
eg are the
spacing of the excited and ground energy levels for the
first and second QE. States |e1〉 and |e2〉 (|g1〉 and |g2〉)
correspond to the excited (ground) energy levels of the
two QEs. aˆ1, aˆ2 are the plasmon-polariton excitations
induced on the MNP dimer and ~ω1, ~ω2 are the cor-
responding energies for the oscillation modes. f1 and
f2 are the coupling matrix element between the field in-
duced by the aˆ2 polarization mode of the MNP dimer
ω 2ωω1 ω2
SHG process
FIG. 1: (color online) Top: Two quantum emitters (pur-
ple) with small decay rates are placed at the center of a
MNP dimer [33]. The polarization of the plasmon-polariton
(PP) modes strongly localizes the incident field to the center
(see the field vectors). Field enhancement gives rise nonlin-
ear processes, e.g. second harmonic generation (SHG). The
two MNPs are chosen in the same size only for the pur-
poses of demonstration. Bottom: The incident planewave
field (pe
−iωt) drives the aˆ1 PP polarization mode (resonance
ω1) of the dimer. The intense localized polarization field
of aˆ1, oscillating with ω, gives rise to SHG [53]. This pro-
cess induces oscillations (e−i2ωt) in the second PP mode aˆ2
whose resonance is ω2. The quantum oscillators (level spac-
ing ω
(1,2)
eg ' 2ω) interact with the field of the aˆ2 polarization
mode. Quantum emitters interact with each other and chosen
to have no SH response to frequency ω. The observation of
the SH light occurs due to the radiative decay of the aˆ2 PP
mode [53–56] or fluorescence from the quantum emitters [49].
and the first and second QE, respectively. g is the cou-
pling matrix element between the two QEs. In Eq. (3),
we neglect the coupling of the QEs to the aˆ1 plasmon-
polariton mode since we consider that the level spacing
of both QEs (ω
(1)
eg ∼ 2ω, ω(2)eg ∼ 2ω) are off-resonant to
the ω1 ∼ ω mode.
Eq. (5) describes the interaction of the light source
(oscillates as e−iωt) driving the plasmon-polariton mode
with smaller resonance frequency ω1. In Eq. (6), the
fields of two excitations in the low-energy plasmon-
polariton mode (aˆ1) combine to generate the field of a
high energy plasmon-polariton mode. Stronger the sec-
ond harmonic generated plasmon-polariton oscillations,
the higher the number of emitted SHG photons (2ω).
Because, aˆ2 mode radiatively decay to 2ω photon mode
[53, 54] or can be detected as fluorescence from attached
molecules [49], as well. Energy is conserved in the input-
output process. The parameter χ(2), in units of fre-
quency, is proportional to the second harmonic suscepti-
bility of the MNP dimer. The symbol ⊗ stands for the
3direct product of the two Hilbert spaces belonging to the
first and second QE.
We note that, one could also treat the SHG pro-
cess as originating directly from the incident field, e.g.
Hˆsh ∼ (aˆ†22pe−i2ωt + c.c.). Even though the follow-
ing results would remain unaffected, physically such a
model would be inappropriate. Because, enhanced non-
linear processes emerge due to the electromagnetic field
of the localized intense surface plasmon-polariton (polar-
ization) mode [53, 54]. However, the mode of the incident
field (ω) is planewave.
We use the commutation relations (e.g. i~ ˙ˆa = [aˆ,Hˆ])
in driving the equations of motions. We keep operators
aˆ1, aˆ2 quantum up to a step in order to avoid incomplete
modeling of the equations of motion. After obtaining the
dynamics in the quantum approach, we carry aˆ1, aˆ2 to
classical expectation values aˆ1 → α1, aˆ2 → α2. We intro-
duce the decay rates for plasmon-polariton fields α1, α2.
Quantum objects are treated within the density matrix
approach. The equations take the form
α˙1 = (−iω1 − γ1)α1 − i2χ(2)α∗1α2 + pe−iωt, (7a)
α˙2 = (−iω2 − γ2)α2 − iχ(2)α21 − if1ρ(1)ge − if2ρ(2)ge , (7b)
ρ˙(1)ge = (−iω(1)eg − γ(1)eg )ρ(1)ge + if∗1α2(ρ(1)ee − ρ(1)gg )
+ig∗(ρ(1)ee − ρ(1)gg )ρ(2)ge , (7c)
ρ˙(2)ge = (−iω(2)eg − γ(2)eg )ρ(2)ge + if∗2α2(ρ(2)ee − ρ(2)gg )
+ig∗(ρ(2)ee − ρ(2)gg )ρ(1)ge , (7d)
ρ˙(1)ee = −γ(1)ee ρ(1)ee + i
(
f1α
∗
2ρ
(1)
ge − f∗1α2ρ(1)ge
∗)
+i
(
gρ(2)ge
∗
ρ(1)ge − gρ(2)ge ρ(1)ge
∗)
, (7e)
ρ˙(2)ee = −γ(2)ee ρ(2)ee + i
(
f2α
∗
2ρ
(2)
ge − f∗2α2ρ(2)ge
∗)
+i
(
gρ(1)ge
∗
ρ(2)ge − gρ(1)ge ρ(2)ge
∗)
, (7f)
where γ1, γ2 are the damping rates of the MNP dimer
modes α1, α2. γ
(1)
ee , γ
(2)
ee and γ
(1)
eg = γ
(1)
ee /2, γ
(2)
eg = γ
(2)
ee /2
are the diagonal and off–diagonal decay rates of the first
and second quantum emitter, respectively. To make a
comparison, γ1,γ2 ∼ 1014Hz for MNPs [2] while γee ∼
1012Hz for molecules [58] and γee ∼ 109 Hz for quantum
dots [35]. The two constraints regarding the conserva-
tion of probability ρ
(1)
ee + ρ
(1)
gg = 1 and ρ
(2)
ee + ρ
(2)
gg = 1
accompany Eqs. (7a-7f).
In our simulation, in determining the enhancement fac-
tor, we time-evolve Eqs. (7a-7f) numerically to obtain the
long time behaviors of ρ
(1)
eg , ρ
(2)
eg , ρ
(1)
ee ,ρ
(2)
ee , α1, and α2.
We determine the values to where they converge when
the drive is on for long enough times. We perform this
evolution for different parameter sets (f1,f2,g,ω
(1)
eg ,ω
(2)
eg )
with the initial conditions ρ
(1)
ee (t = 0) = ρ
(2)
ee (t = 0) = 0,
ρ
(1)
eg (0) = ρ
(2)
eg (0) = 0, α1(0) = 0, α2(0) = 0.
Beside the time-evolution simulations, one may gain
understanding about the linear behavior of Eqs. (7a-7f)
by seeking solutions of the form
α1(t) = α˜1e
−iωt , α2(t) = α˜2e−i2ωt,
ρ
(1)
eg (t) = ρ˜
(1)
eg e−i2ωt , ρ
(2)
eg (t) = ρ˜
(2)
eg e−i2ωt,
ρ
(1)
ee (t) = ρ˜
(1)
ee , ρ
(2)
ee (t) = ρ˜
(2)
ee , (8)
for the steady states of the oscillations. In our numerical
simulations governing the time-evolution of Eqs. (7a-7f),
we check that the solutions indeed converge to the form
of Eq. (8) for long-time behavior.
Inserting Eq. (8) into Eqs. (7a-7f), one obtains the
equations for the steady state
[i(ω1 − ω) + γ1]α1 + i2χ(2)α∗1α2 = p,
(9a)
[i(ω2 − 2ω) + γ2]α2 + iχ(2)α21 = −if1ρ˜(1)ge − if2ρ˜(2)ge ,
(9b)
[i(ω(1)eg − 2ω) + γ(1)eg ]ρ˜(1)ge = if∗1α2y1 + ig∗y1ρ˜(2)ge ,
(9c)
[i(ω(2)eg − 2ω) + γ(2)eg ]ρ˜(2)ge = if∗2α2y2 + ig∗y2ρ˜(1)ge ,
(9d)
γ(1)ee ρ˜
(1)
ee = i
(
f1α
∗
2ρ˜
(1)
ge − f∗1α2ρ˜∗ (1)ge
)
+i
(
gρ˜∗ (2)ge ρ˜
(1)
ge − g∗ρ˜(2)ge ρ˜∗ (1)ge
)
,
(9e)
γ(2)ee ρ˜
(2)
ee = i
(
f2α
∗
2ρ˜
(2)
ge − f∗1α2ρ˜∗ (2)ge
)
+i
(
gρ˜∗ (1)ge ρ˜
(2)
ge − g∗ρ˜(1)ge ρ˜∗ (2)ge
)
,
(9f)
where α˜1, α˜2, ρ˜
(1)
ge , ρ˜
(2)
ge , ρ˜
(1)
ee , and ρ˜
(2)
ee are constants in-
dependent of the time. yi = ρ˜
(i)
ee − ρ˜(i)gg are population
inversion (i = 1, 2) for QEs.
Using Eqs. (9c) and (9d) in Eq. (9b), one can obtain
the steady state value of aˆ2 plasmon–polariton mode field
as
α˜2 =
iχ(2)
(
β1β2 + y1y2g
∗2)
(y1|f1|2β2 + y2|f2|2β1) + iy1y2g∗(f1f∗2 − f2f∗1 )− ξ2
(
β1β2 + y1y2g∗2
) α˜21, (10)
4where short hand notations are ξ1 = [i(ω1 − ω) + γ1],
ξ2 = [i(ω2 − 2ω) + γ2], β1 =
[
i(ω
(1)
eg − 2ω) + γ(1)eg
]
and
β2 =
[
i(ω
(2)
eg − 2ω) + γ(2)eg
]
.
Super enhancement of SHG
i) Single quantum emitter case:
In the case of a single QE coupled to the SH converter
resonator, f2 = g = 0 and f1 = fc, one obtains the SHG
plasmon-polariton amplitude [47]
α˜
(single QE)
2 =
iχ(2)
|fc|2y
i(ωeg−2ω)+γeg − [i(ω2 − 2ω) + γ2]
α˜21.
(11)
In the denominator of Eq. (11), the nonresonant term
(ω2 − 2ω) can be canceled by the imaginary part of
F = |fc|2y/[i(ωeg − 2ω) + γeg] if ωeg and fc tuned care-
fully. However, the same method cannot be performed
over the γ2 term; since real part of F has the same sign
with γ2 (due to the negative values y assigns). There-
fore, enhancement of the SHG using a single quantum
emitter (or a single classical emitter) is limited with the
resonance value of SH conversion (that is for ω2 = 2ω)
which is determined by γ2 in Eq. (11).
On the other hand, enhancement of SHG can occur
also using a classical oscillator instead of a quantum emit-
ter. In the denominators of both Eq. (10) and Eq. (11),
cancellation of the nonresonant term (ω2 − 2ω) does not
require small γ
(1,2)
eg . Once the coupling between the os-
cillators (fc) is significantly large, enhancement can take
place.
ii) Two quantum emitters case:
In difference to single QE case, the denominator of
Eq. (10) can (in principle) be arranged down to very low
values in order to enhance α˜2 to much higher values. In
this case, denominator has 3 complex (f1, f2, g) and 2
real (ω
(1)
eg , ω
(2)
eg ) parameters which can be tuned indepen-
dently.
Obtaining the optimum parameter set
(f1,f2,g,ω
(1)
eg ,ω
(2)
eg ), for which the maximum value of
|α˜2| emerges, involves some variational calculus. Nu-
merically, what one needs to perform is the following.
A maximization algorithm for 5 variables must be
accompanied with a function which solves α˜2 at each
step from the nonlinear Eqs. (9a-9f). We fail in using this
method. Because, our subroutine fails to produce the
correct solutions for Eqs. (9a-9f), in which subroutine
suggests exactly the trial (starting) values (that we
enter) as solutions.
Alternatively, we maximize the coefficient of α˜21 in
Eq. (10) by setting y1 = y2 = −1 and constraining f1
and f2 to real and equal values. Parameter set obtained
in this approach is naturally far away from the optimum
one. Because, at resonances y1 and y2 differentiates from
-1 substantially, since emitters are excited. Neverthe-
less, such a very crude treatment results a 5× 107 times
SHG enhancement. Therefore, the original optimum set
of parameters is expected to yield astronomically large
enhancement factors.
We obtain the 5×107 times enhancement by comparing
the steady state values of |α˜2|2 –that is the number of SH
plasmons in aˆ2 mode– calculated from the time evolution
of Eqs. (7a)-(7f). The parameter set must be adjusted
to f1 = f2 = −0.0994, g = 0.0066 − i0.0360, ω(1)eg =
2.111 and ω
(2)
eg = 2.571; for the physical system ω1 = 1,
ω1 = 2.1, γ1 = γ2 = 0.01, γ
(1)
ee = γ
(2)
ee = 10−5, where
all frequencies are scaled with the excitation frequency
ω. The steady state values of the inversions y1 = ρ
(1)
ee −
ρ
(1)
gg = −0.998 and y2 = ρ(2)ee −ρ(2)gg = −0.764 differentiate
significantly from -1. The dipole excitation for the QEs
approaches |ρ(1)eg | = 0.033 and |ρ(1)eg | = 0.322 at the steady
state.
The following important issue must be commented on,
since we announce enhancement factors as high as 8 or-
ders of magnitude. In Eq. (3), we neglect the coupling of
the low-energy plasmon mode (aˆ1) to the QEs due to the
presence of far off-resonance. Regarding such fine tun-
ings in the denominator of Eq. (10), in some cases, this
negligence can be important. However, when this inter-
action is included in the Hamiltonian (10); i) one cannot
obtain an intuitive analytic expression as in Eq. (10) and
ii) time behaviors in Eq. (8) are not valid anymore. Hope-
fully, comparison of the enhancement factors obtained in
Ref. [47] (aˆ1 coupling neglected) and Ref. [49] (aˆ1 cou-
pling included) shows that: inclusion of interaction with
aˆ1 mode results larger enhancement values (compare 40
and 1000). This is because, presence of aˆ1 coupling intro-
duces additional interference paths which provide wider
control over the system.
Conclusions
We investigate the nonlinear response of a coupled sys-
tem of two quantum emitters and a plasmonic resonator
(SH converter). Plasmonic resonator possesses second
harmonic response and the quantum emitters do not have
two-photon absorption mechanism. We demonstrate that
second harmonic generation can be enhanced over 7 or-
ders of magnitude. Such an enhancement can be achieved
by carefully choosing the strengths of inter-particle inter-
actions and the energy level spacing for quantum emit-
ters.
When a plasmonic resonator (SH converter) is coupled
to a single emitter, path interference due to Fano res-
onances can carry the nonlinear response utmost to its
resonance value (i.e. at ω2 = 2ω). However, the path
interference from 3 particles is shown to be not limited
with such restrictions. Phenomenon can be extended also
to other nonlinear conversion processes as discussed in
Ref. [47].
5Although we consider the interference of a plasmonic
resonator with two quantum emitters here, emergence
of the phenomenon does not necessitate high-quality os-
cillators with sharp resonances. Thus, the phenomenon
introduced in this paper is possibly the mechanism re-
sponsible for enhanced SHG from nanoparticle compos-
ites and clusters [4–13].
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